Abstract: Optical frequency combs have revolutionized optical frequency metrology and are being actively investigated in a number of applications outside of pure optical frequency metrology. For reasons of cost, robustness, performance, and flexibility, the erbium fiber laser frequency comb has emerged as the most commonly used frequency comb system and many different designs of erbium fiber frequency combs have been demonstrated. We review the different approaches taken in the design of erbium fiber frequency combs, including the major building blocks of the underlying mode-locked laser, amplifier, supercontinuum generation and actuators for stabilization of the frequency comb.
Introduction
A revolutionary breakthrough in the precise determination of optical frequencies was achieved in the late 1990s with the invention of the optical frequency comb technique [1] [2] [3] [4] [5] [6] [7] . An optical frequency comb allows a coherent connection between optical frequencies with 10 15 cycles per second to radio frequencies, accessible and controllable with conventional electronics. The simple concept of optical frequency combs, their ease of operation, reliability, as well as versatility have turned them into a powerful tool that opens new frontiers in various fields of research [1, 2, [7] [8] [9] such as high-resolution spectroscopy, ultra-stable microwave generation, time and frequency transfer, astronomical spectrograph calibration, precision ranging, and, of course, optical atomic clocks. The first demonstration of self-referenced frequency combs relied on passively mode-locked Ti:sapphire lasers [1] [2] [3] [4] [5] [6] [7] . Passively mode-locked lasers emit a periodic train of optical pulses in the time domain with a corresponding optical spectrum that consists of narrow spectral lines (or teeth), equidistantly spaced by the repetition rate, frep, of the laser. This entire comb of teeth is offset by the carrier-envelope-offset frequency, fceo. In this simple picture, the entire comb mode structure follows the comb equation fn = n · frep + fceo, where fn is the frequency of the n th numbered mode or comb tooth (typically n~10 5 -10 6 ).
In order to use this simple equation, one must detect the carrier-envelope offset frequency, which, in turn, requires a low-noise, broad optical spectrum [5, 12] . The generation of an octave-spanning spectrum by the injection of Ti:sapphire laser pulses into a nonlinear "holey" fiber [13] was the breakthrough that allowed for the first demonstration of a self-referenced comb. The common description of an optical frequency comb is shown in Fig. 1 . With the advent of Ti:sapphire-based frequency combs, researchers were immediately interested in generating frequency combs from other lasers, in particular fiber-based passively mode-locked lasers. However, the direct output of femtosecond fiber lasers is inferior to Ti:sapphire mode-locked lasers as the pulses are of longer duration and suffer from higher relative intensity noise (RIN). Based on these considerations, it was not immediately obvious that a fiber laser-based frequency comb would be possible despite its obvious advantages in terms of cost, robustness, and flexibility. Specifically, given the decoherence observed during supercontinuum generation with a Ti:sapphire-based system [14] [15] [16] [17] , one might have expected the longer, noisier pulses of an erbium laser to generate a noisy supercontinuum so that the offset frequency would be undetectable. However, once appropriate nonlinear fibers were available [18] [19] [20] , the development of fully self-referenced fiber laser frequency combs proceeded rapidly in several groups [21] [22] [23] [24] [25] [26] . The linewidth of the detected offset frequency signal in the first erbium fiber combs was quite broad, for example, up to 600 kHz in Ref. 23 , and partly because of these broad offset frequency Optical pulse train and spectrum emitted by a mode-locked laser. a) The carrier wave (red) and the pulse envelope (blue) travel with different phase and group velocities, respectively, leading to a carrier-envelope phase shift, ∆φce, from pulse to pulse. b) The optical spectrum of a mode-locked laser is comprised of individual frequency teeth separated by the repetition rate, frep, of the laser. Extrapolating the spectrum to frequency zero reveals the offset, fceo = frep ∆φce /(2π), which can also be regarded as the tooth at mode number n = 0. Also shown is the standard method of detecting fceo through an f-to-2f interferometer [5, 12] .
linewidths, erbium fiber combs are sometimes considered to be noisier than their Ti:sapphire progenitors. However, one could argue that this is a misconception. First, the free-running linewidth of the detected offset frequency can be reduced by an order of magnitude through the use of a lower noise pump laser and by minimizing the cavity dispersion [27] [28] [29] [30] [31] [32] [33] . Second, this free-running phase noise is well-behaved in the sense that the basic comb structure is always preserved. Therefore, any residual performance deficit relative to Ti:sapphire-based combs can be removed through direct, high-bandwidth feedback of a correction signal to the fiber oscillator (or through signal processing). Indeed, as early as 2006, a collaboration between NIST, IMRA and OFS demonstrated time-bandwidth limited comb teeth linewidths of < 1 Hz from two very different comb designs [34] . Furthermore, early on both the phase noise and frequency stability of an erbium fiber frequency comb were shown to be comparable to that of a Ti:sapphire laser [35, 36] . With sufficient care in the design and stabilization of the erbium fiber frequency comb, it is rare that its frequency stability or phase noise is the limiting factor [36] [37] [38] . However, other properties of erbium combs, for example, the repetition rate, spectral flatness, robustness, size, spectral coverage, etc., may still need advancement for current and future applications.
The development of erbium fiber frequency combs has been rapid and commercial systems are available . Moreover, the flexibility of the fiber-based platform and the ubiquity of low cost, high quality components in the erbium gain window has spurred research into different oscillator designs (see Sec. 3), multi-branch frequency combs [42] [43] [44] [45] , difference frequency generation to other wavelength bands [46] [47] [48] [49] [50] [51] [52] , variable repetition-rate systems [53] [54] [55] [56] , synthesis of arbitrary optical frequencies [57] [58] [59] [60] [61] [62] [63] [64] , and robust fieldable systems [65] [66] [67] [68] [69] [70] [71] . In fact, one could argue that a significant majority of the demonstrations of comb applications have been done with erbium fiber lasers, driven largely by the rapidly maturing erbium comb technology. This paper surveys different designs for erbium fiberbased frequency combs and is organized as follows. Section 2 summarizes the overall fiber frequency comb system. Section 3 discusses different passively mode-locked laser (or "oscillator") designs that form the core of the frequency comb. Section 4 outlines the supercontinuum generation needed for f -to-2f detection of the offset frequency (and broad spectral coverage). Section 5 discusses the detection and stabilization of the comb lines. (We limit this review to frequency combs that are stabilized either by active feedback or by signal processing, rather than "freerunning" frequency combs output by unstabilized, passively mode-locked lasers.) In this section, we also discuss different actuators used to control the comb output from the oscillator. Section 6 briefly discusses the performance evaluation of frequency combs, emphasizing the importance of measuring the phase noise power spectral density rather than merely the linewidth of a signal.
Principles of optical frequency combs
Almost all self-referenced, stabilized frequency combs used thus far are generated by passively mode-locked lasers based on solid-state or fiber gain media such as erbium-doped fiber. There are several excellent review articles on passively mode-locked, femtosecond fiber lasers [72] [73] [74] [75] . Erbium fiber-based mode-locked lasers produce a comb spectrum in the erbium gain window at around 1560 nm. Fiber frequency combs have also been developed with ytterbium [76] and thulium-doped fibers [77, 78] to reach other wavelength bands and to achieve high power levels. Although these thulium-and ytterbiumbased systems are interesting in their own right, we focus here only on erbium fiber frequency combs, which have found the widest applications due to their combination of low cost, high performance, and compatibility with the myriad of components and tools available from the telecommunications industry. The block diagram in Fig. 2 shows the subcomponents of a typical erbium fiber laser-based frequency comb system: a mode-locked laser oscillator, an amplifier, a spectral broadening section, a detection unit, and a feedback part or, alternatively, appropriate signal processing. The mode-locked laser emits a spectrally narrow and unstabilized frequency comb. The amplifier boosts the pulse energy and narrows the pulse duration so that the spectral broadening section provides up to a full optical octave as required for the detection of the offset frequency. At this point, the supercontinuum forms a free-running frequency comb; in other words, the frequency comb structure exists, but the exact optical frequency of each comb tooth is unknown and unstabilized. Equivalently, in the time domain, the pulse-to-pulse period and carrierenvelope phase evolution are not constrained. We define a stabilized comb as one where these values are known and, furthermore, any variations from noise sources-both external noise and amplified spontaneous emission (ASE)-have been canceled up to some effective control bandwidth. To stabilize the comb, we measure any two degrees of freedom. Three common examples are illustrated in Fig. 2: (1) the offset frequency, fceo, and the comb tooth spacing given by the repetition rate, frep, which stabilizes the comb to an rf reference [1, 2] , (2) the offset frequency, fceo, and the frequency of a single optical comb tooth, f n0 , that stabilize the comb to an optical reference [6] or (3) the frequency of two widely spaced optical comb teeth, f n0 and f n1 [79] [80] [81] , that effectively stabilize the comb to their frequency difference. Any noise is then canceled either through active feedback to the oscillator or through signal processing [32, 38, 82, 83] . The method of noise cancelation-(direct feedback, signal processing, or a combination)-is a matter of experimental choice.
Figure 2:
Block diagram of a typical fiber laser-based frequency comb system. The pulsed output of a fiber laser oscillator is amplified and spectrally broadened. These pulses are then launched into a highly nonlinear fiber in which nonlinear processes such as self-phase modulation, self-steepening, four-wave mixing, and Raman scattering spectrally broaden the pulses to a full octave. The detected signals are used in a control loop for the stabilization or they are combined with the experimental signals appropriately in signal processing to cancel out the comb noise. f n0 : frequency of a single optical comb tooth compared to an optical reference, f n1 : frequency of a single optical comb tooth compared to another optical reference.
Passively mode-locked erbium fiber lasers for frequency comb generation
As the core of the frequency comb, the ideal mode-locked laser would produce a high power, low RIN, and short, 100 fs, pulses with very low free-running timing jitter and phase noise all in a completely self-starting, robust, easily reproducible package. Moreover, different applications will require different repetition rates ranging from 50 MHz to 1 GHz. Not surprisingly, no mode-locked fiber laser design possesses all of these features, and a number of different mode-locked erbium fiber laser designs have been investigated. Fig. 3 and Table 1 provide a brief overview of some of the most common designs.
Regardless of the specific designs, all the passively mode-locked lasers share some commonalities. First, the erbium gain fiber within the mode-locked lasers is pumped with either 980 or 1480 nm laser diodes. Second, they all use a fast saturable absorption or saturable loss mechanism to enforce mode-locking. Third, they all have relatively narrow (10's of kHz) optical linewidths for the unstabilized frequency comb teeth near the center of the spectrum (1560 nm). These central comb teeth will have Schawlow-Townes linewidths equivalent to a cw laser at the same average power of the mode-locked laser [84] and equivalent sensitivity to environmentally induced cavity length variations [31] . Fourth, at high net cavity dispersion, their overall timing jitter (and fceo linewidth) will be dominated by the product of the dispersion and carrierfrequency noise through the Gordon-Haus effect [27, 30, [85] [86] [87] [88] [89] [90] . At low net cavity dispersion, multiple other effects can dominate the timing jitter, including a direct ASE contribution [27, 30, [85] [86] [87] [88] [89] [90] . A lower net cavity dispersion will also, generally, produce a broader output bandwidth, as can be seen from the general relationship between soliton spectral width and dispersion.
Beyond these commonalities, the oscillator designs and performances differ substantially as illustrated in Table 1 and discussed below. However, it is also important to note that virtually all erbium fiber comb designs also employ a very similar amplifier after the oscillator. This amplifier is what ultimately determines the pulse power and spectral width and greatly homogenizes the oscillator designs with respect to these two parameters.
Nonlinear polarization evolution mode-locked laser
To date, the most widely employed and extensively studied type of mode-locked erbium fiber laser is the nonlinear polarization evolution (NPE) mode-locked ring laser. A combination of the fiber birefringence and cross-phase modulation causes an intensity-dependent rotation of elliptically polarized light in standard single-mode fiber, that is, nonlinear polarization evolution [107] [108] [109] . When an appropriately aligned polarizing element is placed inside the cavity, an artificial saturable absorber can be created where light with higher intensity experiences lower losses through nonlinear polarization rotation. This effect favors pulsed over cw operation and stable mode-locking is achieved. Since the nonlinear polarization change occurs on femtosecond time scales, the artificial saturable absorber response is very fast. These lasers can be operated with a net negative or positive cavity dispersion giving rise to so-called "soliton" or "stretched pulse" operation [110, 111] , respectively, with the stretched pulse regime tending to offer higher power and broader bandwidth. Fig. 3 a) shows a simple NPE-mode-locked erbium fiber laser based on the original design of Tamura et al. [112] while Fig. 3 b) shows an alternative design with a greater reliance on bulk optics. The all-fiber design is relatively quick to construct, given a fiber splicer, and comparably cheap. The bulk optic design allows one to use more precisely tunable or automated waveplates, and allows for easier tuning of the cavity length, but does add cost and requires careful alignment. The downside of the NPE fiber laser is the susceptibility to environmental changes. Temperature fluctuations, humidity changes, or bending of the fibers introduce variations in the fiber birefringence, which alters the delicate balance between the NPE and the alignment of the various polarizing elements in the cavity thereby disrupting the artificial saturable absorber. Environmentally induced changes in fiber birefringence are often encountered in any fiber-optic system and can be eliminated by use of polarization maintaining (PM) fibers. However, the NPE requires polarization rotation and will not occur in PM fiber where the polarization is fixed along a predefined axis. Therefore, NPE fiber lasers are incompatible with a PM fiber design. While the environmentally induced instabilities can, nevertheless, be managed in a well-controlled laboratory, NPE lasers may never be appropriate for infield or for unattended long-term operation. Additionally, different polarization settings can lead to different modelocked states, which change the properties of the output pulses [89] , making month-to-month operation highly variable. In spite of these drawbacks, NPE laser can operate at a large range of repetition rates, can be inexpensive, and can have low timing jitter making them an attractive laboratory option.
Figure-of-eight mode-locked laser
Another erbium fiber laser concept that is based on an allfiber nonlinear loop mirror design was first demonstrated in the early 1990s [113] [114] [115] . Depicted in Fig. 3 (c), a passive resonator loop is coupled to a nonlinear amplifying loop mirror (NALM) that provides the gain and initiates the mode-locking. To understand the operation, consider a pulse circulating counterclockwise in the right passive loop (as allowed by the isolator). At the central 50/50 splitter, the pulse is split into two counter propagating pulses around the loop on the left side. In the absence of any nonlinear effects, when these counter propagating pulses interfere again at the 50/50 splitter, they "reflect" back (clockwise) out the initial input port, only to be rejected by the isolator. No light is transmitted through the other (lower) 50/50 port. However, the introduction of an amplification in the left loop forms a NALM and changes this behavior. In this case, the pulse traveling clockwise around the NALM is first amplified and then passes through passive fiber, while the light traveling counterclockwise first passes through passive fiber at low power and is then amplified. At sufficient pulse power, there is a differential nonlinear phase shift of π between these two pulses so that their interference at the 50/50 splitter does lead to transmission of the strong pulse from the (lower) port, opposite to the one the initial pulse entered. An isolator in the second loop ensures that lower-intensity reflected light is rejected, which provides the mode-locking mechanism.
A figure-of-eight erbium fiber laser can use all-PM fibers, making it alignment-insensitive and environmentally robust [68, 116] . Like NPE lasers, the nonlinear loop mirror is effectively a fast absorber and low-dispersion cavities can be constructed. A drawback of this laser design is that the mode-locking operation often is not self-starting. For this reason, electro-optic amplitude-or phase-modulators (EOM) are often used in order to initiate mode-locking. While these modulators make construction more challenging and expensive, once incorporated into the cavity an EOM can provide very fast feedback for low noise stabilization (discussed more in Sec. 5). The principle disadvantage of the figure-of-eight design is that it is complex. The large number of components in combination with a minimum loop mirror size necessary to get a π phase shift make it difficult to achieve a repetition rate abovẽ 50 MHz-too low for many applications. More recently, an interesting variant of the figure-of-eight laser, called a "figure nine" laser, has been introduced by Menlo Systems [117] . This laser has been fully phase stabilized and very low residual phase noise could be demonstrated [118] .
Saturable absorber-based mode-locked laser 3.3.1 Semiconductor saturable absorber mirror lasers
One of the simplest mode-locked erbium fiber laser concepts is a linear cavity realized by the use of a semiconductor saturable absorber mirror (SESAM) (see Fig. 3 d) . A SESAM consists of a reflector whose front face is masked by a quantum well absorber layer. The quantum wells absorb light at the laser wavelength, but can be temporarily depleted, becoming transparent, in the presence of sufficiently high optical intensity [119, 120] . Shortly after a high intensity optical pulse hit the SESAM, the absorption recovers due to thermal relaxation and recombination processes. The recovery time is typically on the order of a few picoseconds and is an important design parameter of a SESAM. Erbium fiber lasers that are mode-locked with a SESAM usually show excellent self-starting properties and a high degree of reproducibility. The laser cavity requires only the SESAM and a wavelength division multiplexer to introduce the pump light, making this one of the simplest cavity designs among all mode-locked erbium fiber lasers [67, 101] . When used in a linear configuration, the cavity length of a SESAM laser can be very short, and lasers with repetition rates above 1 GHz have been constructed [103, 121] . Additionally, this concept allows for an all-fiber and also all-PM design, which results in exceptionally robust and environmentally stable lasers [67] .
The principle drawback of SESAM mode-locked lasers is that the SESAM is a slower saturable absorber than other designs and can require higher cavity dispersion in order to suppress parasitic ASE buildup in the wake of the pulse [122] . The timing jitter of the system can also be more affected by RIN [123] as the relatively slow saturable absorber introduces a temporal shift of the pulses inside the laser cavity; the magnitude of this shift is pulse energydependent so that pump laser intensity noise gets converted into timing jitter of the mode-locked pulses [87] . It should be noted that despite higher intrinsic noise with sufficiently fast feedback, the phase noise and timing jitter of a SESAM laser matches other stabilized combs [124] .
Carbon nanotube and graphene saturable absorber lasers
Although saturable absorbers are mostly made from semiconductors, other materials can also be used. Two particularly interesting materials are carbon nanotubes (CNT) and graphene as their response time is sub-picosecond and, therefore, significantly faster than that of a SESAM. Additionally, both CNT and graphene are suitable for broadband operation covering a wide wavelength range from about 1 µm to 2 µm (CNT) and from the ultraviolet far into the infrared (graphene) [125] . However, both of these materials have high non-saturable losses as well as relatively low modulation depths, which present challenges. Additionally, at 1560 nm, the saturation fluence of graphene is not much below the material damage threshold, which can lead to problems if the laser Q-switches at start up. Nevertheless, mode-locked fiber lasers have been demonstrated with CNTs [90, 105, [126] [127] [128] [129] as well as with graphene saturable absorbers [130] [131] [132] . A fully stabilized frequency comb system using CNTs deposited on a fiber tip has been reported [105] , while only offset frequency stabilization has been demonstrated using a CNT embedded fiber taper [106] . Research efforts to exploit the potential of these materials are ongoing.
SESAM-NPE hybrid lasers
Inserting a SESAM into a NPE-based ring laser overcomes some of the limitations and drawbacks of a solely NPE mode-locked laser [133] [134] [135] . In this configuration, polarization states still must be aligned to benefit from the fast NPE process, however, optimization becomes easier with the SESAM to initiate mode-locking. The SESAM also appears to suppress the long, low power wings in the time domain, providing a cleaner pulse structure [133] . While potentially more robust than lasers that only use NPE, this approach is still incompatible with PM fibers and will still have high environmental sensitivity.
Amplification, spectral broadening and offset frequency detection
As shown in Fig. 2 , the laser oscillator is followed by an amplifier and a spectral broadening section for supercontinuum generation. The supercontinuum generation serves two purposes. First, it provides broad spectral coverage that might be needed for certain experiments or applications. Second, it enables the f -to-2f detection of fceo, whereby a portion (~10 nm) of the long wavelength end of the supercontinuum is frequency-doubled and then heterodyned against the low wavelength end of the supercontinuum [5, 12] as sketched in Fig. 1 b) . This approach requires a supercontinuum that covers a factor of two in frequency, commonly referred to as an octave-spanning spectrum. Typically, this scheme uses the two ends of the spectrum at around 1 and 2 µm (300-150 THz), although other methods have been demonstrated such as f -to-2f from 785 to 1550 nm [24] and a 2f -to-3f interferometer [136, 137] , which requires only 2/3 of an octave. While researchers have explored a range of oscillator designs and stabilization approaches, post oscillator amplification is mostly done using very similar dispersionmanaged erbium-doped fiber amplifiers. The amplifier is used to increase both the pulse energy and spectral width of the oscillator output and thus producing shorter, more intense pulses. There is significant flexibility in the design of an ultrafast erbium amplifier, which can employ temporal compression methods via self-similar amplification propagation [138] , soliton self-compression [139] [140] [141] , or a combination of both. These methods have the significant advantage of being constructed from fiber components fusion spliced together and are thus truly alignment-free. Essentially, the erbium amplifier compensates for a mediocre oscillator output and sub-100 fs pulses with~1.5 nJ pulse energies can be achieved for all oscillator designs, despite the wide range of output powers and pulse durations evident in Table 1 .
Typical amplifier designs as illustrated in Fig. 4 use high-gain, normal group-velocity dispersion (GVD) erbium-doped fibers. When correctly designed, the normal GVD of the erbium fiber, the fiber's gain and nonlinearity work together to allow the pulses undergoing amplification to spectrally broaden, while maintaining a linear chirp (i.e. a quadratic phase distortion). The pulses leaving the erbium-doped fiber amplifier will exhibit chirp, which must be removed for efficient supercontinuum generation. In a few cases, pulses leaving the gain fiber have negative chirp (the result of passing through material with net-anomalous GVD), which can be compensated for, by the use of a silicon prism compressor that exhibits normal GVD [21] . More commonly, the amplifier is designed with sufficient normal GVD so that the pulses have a positive chirp. This dispersion can be removed by adding anomalous GVD, either by the use of a grating compressor [138] or by simply passing the light through standard single-mode fiber [22, 25, 70, 106] or large mode-area optical fiber [139, 142] . For amplifiers employing solitonic compression methods, positively chirped pulses from the erbium-doped fiber with an energy greater than that of a fundamental soliton are injected into a length of anomalous GVD fiber. Here, the positive chirp is removed by the anomalous GVD increasing the pulse peak power to a point when nonlinear effects cause an increase in spectral bandwidth with a commensurate decrease in pulse duration.
To generate the supercontinuum required for fceo detection, the amplified pulses are injected into a highly nonlinear fiber (HNLF) [18, [143] [144] [145] . Obtaining a clean, low noise fceo signal requires a highly coherent supercontinuum. Decoherence of the supercontinuum appears as white phase noise that reduces the signal-to-noise ratio (SNR) of the fceo beat, and is caused by noise sources that are injected along with the input pulse, that is, shot noise and ASE, which mix with the laser field in the nonlinear fiber. As mentioned in the introduction, this decoherence was first identified with Ti:sapphirebased combs, where the input noise source was shot noise. Early studies of continuum coherence and amplitude noise found that for high-coherence spectra, it is important to launch sub-100 fs pulses into the HNLF with flat, slightly anomalous dispersion, and high effective nonlinearity (~10 W −1 km −1 ) [15, 16, 19, 146] . There are now both non-PM and PM HNLF available that can produce an octave-spanning supercontinuum in a fiber length of~10-30 cm. In addition to phase noise, supercontinuum generation can lead to strong amplitude noise. In that case, balanced photodetection of the fceo signal can increase the SNR by up to 20 dB [147] . In fiber combs, a collinear all-fiber-based f -to-2f interferometer is usually used, which avoids losses from freespace coupling as well as non-common mode noise seen in non-collinear interferometers [25] . Furthermore, compact and efficient commercial fiber-coupled periodically-poled lithium-niobate waveguide frequency doublers are available, which greatly simplifies and improves the fceo detection [102] . To stabilize the comb without "phase slips", the SNR of the detected fceo signal should exceed~30 dB within a 300 kHz bandwidth and SNRs of 40 dB or more are now routinely achieved [25, 70, 102] . (Note that the required SNR is bandwidth-dependent).
Stabilization

Stabilization: The fixed point model
The frequency of each comb tooth is most often expressed with the simple relationship fn = n · frep + fceo. However, fceo and frep are not a natural basis set to describe the effects of noise or the influence of the actuators. Typically, changes in fceo and frep are strongly correlated. Specifically, nearly any noise source affects frep, even those commonly viewed as impacting fceo. An alternative description of the comb known as the elastic tape model, introduced by Telle and coworkers [82, 83] , is more useful and captures the correlations across the comb spectrum [31, 32] . In this description, a given noise process or actuator will cause a comb tooth to expand or contract about a stationary point in frequency space known as the fixed point, f x . This fixed point may be within or even outside the optical comb spectrum (see Fig. 5 ).
Even within the elastic tape model, characterizing the comb noise is complicated since it is a highly nonlinear system. The main effects are summarized in Ref. 31 . Any comb noise begins with an input noise seed that could be intracavity ASE, pump power fluctuations, pump spectrum fluctuations, temperature and humidity changes, mechanical vibrations, optical feedback, amplifier ASE, etc. The effect of these input noise seeds depends on the nonlinear coupled equations describing the comb output [27, 30, [86] [87] [88] 148] . For example, intracavity ASE will drive quantum-limited timing jitter and phase noise on the comb teeth. Variations in the power or spectrum of the laser diode that pumps the mode-locked fiber laser will lead to gain fluctuations that couple to the comb teeth position through self-steepening, resonant dispersion, self-phase modulation, third-order dispersion, carrier-frequency jitter coupled with cavity dispersion, and spectral-dependent loss. These different noise processes each tie back to their own fixed point. At the risk of oversimplifying the situation, one often categorizes the effects as follows: Temperature, humidity, and mechanical vibrations are all assumed to affect the cavity length leading to repetition rate changes with a fixed point of~1 THz (given by the relative phase and group velocity of the fiber optics). Pump power and spectrum variations, quantumlimited timing jitter, and cavity loss variations are all assumed to affect the repetition rate with a fixed point near the carrier frequency of~200 THz.
The combined contribution of all noise sources leads to linear variation of the frequency comb structure that must be measured and canceled. Since the comb structure is preserved, it is sufficient to detect the noise on two degrees-of-freedom of the comb as discussed in Sec. 5.2. As mentioned earlier, erbium fiber lasers often exhibit higher free-running noise than their solid-state counterparts, even at low net cavity dispersion. To suppress this noise, the detected signals are used to feed back correction signals to two actuators on the mode-locked laser, as discussed in more detail in Sec. 5.3. Alternatively, the detected signals can be included within the overall experiment's signal processing to remove the comb variations from the final output, as discussed in Sec. 5.4. Regardless, the goal is to effectively transform the noisy comb into a stable one that operates with sub-radian phase noise (with respect to the underlying oscillator), even below the quantum limit set by the intracavity ASE [31] . The ultimate performance is typically limited by the SNR of the detected signals and the actuator feedback bandwidth, or equivalently the latency in the signal processing.
Stabilization: Rf versus optical referencing
The measurement of two parameters is sufficient to capture the comb variations. Since these measurements will have limited SNRs, they should ideally span the frequency comb as widely as possible for the best sensitivity to the comb variations. Colloquially, this performance improvement with span is referred to as the "lever arm" associated with the measurement. (Likewise, if the comb is actively stabilized by feedback to two actuators, then the wider the span between the actuators' fixed points, the better.) Figure 2 shows three different options for measuring the comb noise: (1) pure rf stabilization, (2) rf and optical stabilization, and (3) a double-optical stabilization scheme.
For stabilization to an rf oscillator [e.g. case (1) of Fig.  2 ], one measures fceo and frep, which is not ideal as the measurement lever arm effectively spans a single comb tooth spacing. However, this approach can provide a simple and robust lock that provides a direct link between rf and optical frequencies. In practice, one usually stabilizes the comb to the p th harmonic of frep in order to increase the lever arm. In the best case, the phase noise on the n th optical comb tooth will be 20·log (︀ n/p )︀ greater than the phase noise of the rf reference. While the average frequency of the comb teeth is indeed given by the standard formula fn = n · frep + fceo, the result of this fundamental noise multiplication is that the comb teeth themselves will have a broad linewidth as n/p~10 4 to 10 6 .
For stabilization to an optical oscillator [e.g. case (2) of Fig. 2] , one measures fceo and the frequency of one optical comb tooth, f n0 , via its beat note with the optical oscillator [6] . In this case, the measurement lever arm spans the optical spectrum starting from the comb tooth at f n0 to the comb tooth at n = 0, namely fceo. (For a fully selfreferenced lock, one stabilizes fceo to an rf frequency derived from the comb repetition rate.) The frequencies of the comb teeth then are fn = f n0 + (n − n 0) frep where frep = (fn0 − fceo) /n 0 . In that case, the phase noise of the optical reference is transferred to the optical comb teeth without the large multiplication factor present in the rf stabilization, leading to coherent comb teeth across the optical spectrum [34] . In optical frequency division applications, one then detects the repetition rate, which provides a microwave signal of a harmonic of the repetition rate since it has a phase noise that is −20 · log (︀ n/p )︀ below the optical reference, which is a great example of the advantage of a large lever arm [149] [150] [151] .
Finally, Fig. 2 shows a third option [case (3)] that circumvents the detection of fceo by pinning two optical comb teeth, f n0 and f n1 , to two optical standards possibly from two cw lasers locked to the same cavity. In that case, the comb tooth frequencies are fn = f n0 + n (fn1 − f n0) / (n1 − n 0) . For cw lasers within the telecom band, (n1 − n 0) frep~1 THz, giving a lever arm in between optical and rf stabilization with a resulting timing jitter that falls between the other two methods. More importantly, stabilization to an optical cavity provides narrow linewidths across the optical domain [31] .
Stabilization by feedback
The two measurements of the comb variations are input to a proportional-integral-derivative controller and fed back to correct the initial comb output of the mode-locked laser via two or more actuators. Each actuator can be characterized by its bandwidth, that is, how fast changes can be applied, the modulation depth or dynamic range, and its fixed point (see Sec. 5.1). As a simple example, the modulation of the pump power (Fig. 5 a) typically has a fixed point near the center of the optical spectrum. It, therefore, has a large effect on the offset frequency near 0 Hz, far away from the optical domain. On the other hand, a modulation of the fiber cavity length using a piezo-electric transducer (PZT) will lead to a fixed point near 1 THz (Fig. 5 b) , thus causing large fluctuations near the carrier frequency. Table 2 lists different actuators which are discussed in more detail below. In addition to the actuators of Table 2 , other means of controlling the frequency comb degrees of freedom have been demonstrated, but are less commonly used [154, 155] .
Actuators: Temperature control
The most basic environmental noise sources such as temperature, humidity, and mechanical vibrations cause variations in the intracavity optical path length and, therefore, in the repetition rate. Temperature control of the modelocked laser can counteract these variations. It offers a high dynamic range, but is very slow. Therefore, temperature control is used in conjunction with other actuators such as a PZT or intracavity electro-optic modulator (EOM) that have much higher bandwidths, but limited dynamic range. If incorporated within the feedback system, temperature control can help ensure stabilization over long time scales and outside the well-controlled laboratory environment.
Actuators: Intracavity PZT
A PZT used as a fiber stretcher or mounted behind a cavity end mirror offers a moderately high bandwidth, inexpensive and simple actuator to control the cavity length. (To build a fiber stretcher, a small section of the intracavity fiber optic is epoxied to the side of the PZT.) The control bandwidth is 10's of kilohertz with minimal effort. At higher modulation frequencies, acoustic modes in the optical fiber or in the mounting structures can resonate, leading to large phase shifts that limit the achievable feedback bandwidth. However, with careful attention to the suppression of these resonances, bandwidths of 100 kHz or beyond are possible [67, 70, 156] . A single PZT requires large drive voltage to achieve moderate modulation depths, which is experimentally challenging. However, PZT "stacks" can provide large displacements while being driven at a more modest 0-100 V. It is also a common strategy to employ two PZT actuators: a slower PZT stack with a high modulation depth to handle long-term drifts and a faster PZT with lower modulation depth to counter acoustic transients.
Actuators: Gain/loss modulation-pump power and graphene loss modulator
One of the most widely used actuators is to vary the power of the laser diode that pumps the mode-locked laser. This approach has several advantages. First, erbium fiber oscillators are pumped with standard telecom laser diodes, which can be modulated at high frequencies with widely available drive electronics. Second, two important sources of noise-pump noise and intracavity ASE noise-have nearly the same fixed point as the pump modulation so that this actuator is well suited for suppressing this noise.
As noted in Table 2 , the fixed point is typically at~200 THz, however, at low enough cavity dispersion, the fixed point can shift considerably [86] . The principal challenge with pump modulation is that the erbium stimulated emission time constant is slow, leading to a roll-off in the pump response around 10 kHz. However, this roll-off appears as a simple RC time constant so that with appropriate phase lead compensation techniques [28, 29] , feedback bandwidths as high as 900 kHz have been demonstrated with custom electronic circuits [97] .
One can also directly modulate the intracavity loss (rather than modulate the intracavity gain through the pump power). Loss modulation has the same fixed points, but a larger bandwidth and has been demonstrated with graphene modulators [157] . Here, the absorptivity of a graphene sheet is modulated by a few percent with an applied electric field. A graphene modulator was first used to stabilize the offset frequency of a thulium-fiber comb [77] and, more recently, an erbium-fiber-based frequency comb with a control bandwidth of over 1 MHz [124] .
Actuators: Intracavity EOM
Widely employed in fiber communications, lithiumniobate, electro-optic phase modulators (EOM) offer an obvious and extremely high bandwidth means of modulating an erbium comb [44, 68, 81, 96, 97, 124, 153] . The refractive index of the EOM crystal changes proportionally to an applied voltage by a few parts in 10 6 , which represents a change in cavity length and, therefore, in the repetition rate. EOMs are available as bulk-optic crystals or fully fiber-coupled waveguide devices. The fiber-coupled waveguide EOMs require no alignment, have very high bandwidths (> 10's of MHz), and low drive voltages, but often have 2 dB or more of insertion loss. Waveguide EOMs have achieved control bandwidths of over 2 MHz [81] , providing modulation on timescales shorter than even the cavity photon lifetime [77] . Bulk-optic EOMs require a free-space section in the laser cavity as well as a high drive voltage, and can have limited bandwidth due to acoustic resonances or limitations in the high voltage driver, but they have less insertion loss and introduce less third-order dispersion by virtue of being a shorter crystal. Unfortunately, the challenges associated with EOMs also merit mention. In addition to their expense, insertion loss, and added third-order dispersion, the largest issue is the fixed point frequency. For a waveguide EOM, the fixed point can be as high as~50-100 THz [81] , which is inconveniently located between the fixed points of other actuators and the main noise sources. Therefore, feedback through this EOM can lead to cross-talk. Furthermore, this fixed point is not necessarily independent of the modulation frequency. Thermal effects can lead to a low fixed point near DC, while electro-optic effects lead to a different fixed point at higher frequencies [153] . EOMs have been most successfully employed for optical frequency division applications where high bandwidth is needed and only frep has to be stabilized. Therefore, one can feed back on the difference between fn and fceo so that the fixed point becomes irrelevant [81, 150, 151, 153] . However, when coupled with a high-bandwidth pump current modulation, EOMs have also effectively reduced phase noise degradation in dual-comb spectroscopy experiments [158] .
Actuators: External acousto-optic modulators
External cavity AOMs (i.e. an AOM located at the output of the mode-locked laser) are distinct in that they have no impact on frep and provide a pure translation of the comb [91, 159] . A significant advantage of an AOM is the speed. An AOM constructed so that the beam passes close to the transducer can achieve 1 MHz of feedback bandwidth and nearly any AOM can achieve a 100 kHz bandwidth. Also, as an external cavity device, it can be used with no impact on the mode-locking although it can spectrally filter the output depending on its optical bandwidth. The down side of an AOM is that its fixed point is effectively at infinity and does not correspond to any noise source. An AOM must be used in conjunction with another modulator to truly cancel most noise sources.
Actuators: Difference frequency generation
Though not technically an actuator, difference frequency generation (DFG) in a nonlinear crystal can be used to simply force fceo to zero [160] [161] [162] . In the DFG, fceo drops out of the final comb due to the subtraction. In the final fceo-free DFG comb, there is then only one degree of freedom and the fixed point of all noise sources and actuators is forced to 0 Hz. Therefore, a full stabilization of the comb only requires a single actuator acting on frep. Much like the AOM, this is an extracavity approach that is compatible with any mode-locked laser. Moreover, DFG between different parts of the comb's spectrum generates light in other interesting spectral regions such as the mid-IR and far-IR [47, 48, [50] [51] [52] 163] , or just regenerates light in the near-IR.
Stabilization by processing
Once the comb fluctuations are quantified, it is technically not necessary to feed back a correction signal in order to stabilize the comb since the measured fluctuations can be appropriately scaled and simply subtracted from the final measurement data. This is known as the "transfer oscillator concept" originally demonstrated by Telle et al. and allows for strong suppression of the frequency comb noise [36, 82] . This approach has an advantage over active feedback in that the noise cancelation is no longer limited by the bandwidth of the actuators and, in principle, is only limited by the latency in the signal processing.
In practice, some sort of slow feedback is also needed to manage long timescales, so that the various detected rf signals remain within their effective processing bandwidth. Therefore, some sort of intermediate approach is often taken where a slow feedback maintains the approximate comb position and signal processing is used to remove the higher frequency fluctuations. A nice example of this approach occurs in microwave generation where frep is isolated and stabilized by detecting and signal processing fceo and fn [150, 164] . Variations have been applied to both dual-comb spectroscopy [80, 165, 166] and in low noise optical frequency transfer [38] .
Frequency comb performance evaluation
The performance of a comb is dictated by the absolute phase noise of the underlying optical or rf reference plus any residual phase noise between the comb and this reference. Often, only the residual noise is given in the comb literature as the noise of the absolute reference is unrelated to the comb itself. There are a number of different measures: the residual phase noise on fceo, the residual phase noise on an optical comb tooth (fn), the residual phase noise on frep or equivalently the pulse-to-pulse timing jitter, the residual Allan deviation of a comb tooth or the repetition rate (i.e. the stability), the optical comb tooth linewidth or the fractional power in the carrier for a given tooth.
The phase noise represents the most fundamental measurement. It is quantified by the phase noise power spectral density (PSD), in units of rad 2 /Hz or dBc/Hz, versus Fourier frequency. As a comb has only two free parameters, the phase noise PSD of any two comb components are sufficient to at least estimate the noise of any other comb component (along with an assumption about correlations). For a comb stabilized to an optical reference, the residual phase noise PSD of fceo or fn is measured by demodulating the respective rf heterodyne signal. For a comb stabilized to an rf reference, the residual phase noise PSD of fceo and frep are similarly recorded. The phase noise PSD can be very helpful in identifying different noise sources. Moreover, the integrated phase noise is a useful single number (linewidth-like) metric provided that the upper and lower Fourier frequencies for the integration are given.
(Note that the frequency noise PSD is obtained from the phase noise PSD by simply scaling by f 2 , where f is the Fourier frequency.) If the phase noise is measured for the same rf signal used to control the comb, then the phase noise PSD is considered "in loop" and represents a best case value. More realistic "out-of-loop" measurements require some distinct measurement of the comb noise. In principle, the Allan deviation can be calculated directly from an integral over the phase noise [167, 168] although it is typically calculated instead from frequency counter data for the evaluation of the long-term stability since phase noise PSDs are rarely acquired at sufficiently low Fourier frequencies. "In loop" measurements of the Allan deviation are of limited utility since "out-of-loop" fiber and air paths that vary slowly with room temperature variations often dominate and must be taken into account.
The comb tooth linewidth is also sometimes quoted, but the linewidth is of limited use for optically referenced combs. Although it is a readily measured and seemingly intuitive number, there are three problems associated to the linewidth. First, the linewidth can depend heavily on the observation time. Second, as a single number, it conveys basically no information about the magnitude or frequency of the contributing noise. Third, it is a highly nonlinear measure of the phase noise. Specifically, for an optically referenced comb with integrated optical phase noise below~1 radian (or 0.69 radians strictly speaking), the power spectrum of a comb tooth collapses to a single coherent peak atop a broader noise pedestal [169] . The fullwidth at half maximum linewidth is fundamentally timebandwidth limited. The comb system is, after all, a phaselocked system. Any linewidth measurements under these conditions will be limited either by the measurement instrument or by optical path variations after the comb itself and of little meaning.
The "power in the carrier" is a similar nonlinear measurement of the phase noise, but of more use than the linewidth since it quantifies the percent of power in the coherent carrier versus the pedestal. When there is a coherent carrier, the fractional power in this carrier is given by exp (︀ −σ 2 n )︀ where σ 2 n is the integrated phase noise for the comb tooth under consideration [34, 169] . In other words, it is equivalent to quoting the integrated phase noise.
Finally, the pulse-to-pulse timing jitter is a useful time domain description. Of course, it is also the noise on the comb tooth spacing or repetition rate and is, therefore, simply a scaled version of the phase noise PSD of frep [168] . Residual timing jitter is often in the few femtosecond to 100 attosecond range so that a very sensitive measurement is needed such as the balanced cross-correlator technique [170] or comparison of a high harmonic of frep to a very quiet rf oscillator. However, to avoid these challenges as well as the excess noise present in photodetection, one can estimate the timing jitter, δt pulse , from optical measurements. Specifically, the residual timing jitter can be derived from the residual phase noise measurements of fceo and fn by the equation 2πδt pulse = (︀ σ 2 n + σ 2 ceo )︀ 1/2 / (fn − fceo) where σn and σceo is the integrated residual phase noise on fn and fceo in radians, respectively, and assuming uncorrelated noise.
Summary
Erbium fiber laser frequency combs have matured rapidly through extensive research and now offer great flexibility in design, construction, and output properties. The higher noise level associated with erbium combs compared to bulk laser combs can be compensated by utilizing high bandwidth actuators for efficient noise compensation, by appropriate signal processing or a combination of these two. Furthermore, advances in erbium fiber combs continue with research in areas such as the use of CNT for fast saturable absorbers, graphene for high-bandwidth loss modulation, and robust optical designs. Given the long list of applications for frequency combs, we expect to witness a continued development of erbium fiber combs and a continued expansion of their use in both the metrology laboratory and fielded sensor systems.
